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WKB $-$ WKB :
(1.2) $\psi(x,h)=\exp\frac{1}{h}\int T(x,\hslash)dx$
WKB WKB ( ).
$\hslash$ Planck $h$ $2\pi$ WKB Wentzel, Kramers, Brillouin
Schr\"odinger
2000 Mathematics Subject Classification(s): $34E20,34M40,47G30$
: exact WKB analysis, microdifferential operators
$*$







$X$ $\mathbb{C}^{n}$ $X$ $x=(x_{1},\ldots,x_{n})$ $X$ $T^{*}X=X\cross \mathbb{C}^{n}$
$(x,\xi)=(x_{1},\ldots,x_{n};\xi_{1},\ldots,\xi_{n})$ $\Omega$ $T^{*}X$ $\xi$
21. $\Omega$ $\{P_{m-j}(x,\xi)\}$
($j=0,1,2,\ldots$ ; $m$ ) :
(1) (x, $\xi$)$(k=m,m-1,m-2,\ldots)$ $\Omega$ $\xi$ $k$
(2) $\omega$ $\Omega$ $C>0$
(2.1) $\sup_{\omega}|P_{m-j}(x,\xi)|\leq j!C^{j+1}$
(2.2) $P(x,D)= \sum_{j=0}^{\infty}P_{m}-J(x,D)$




































































1 $y$ $y arrow y+\int S_{-1}(x)dx$
WKB
(3.4) $\psi=\exp(\eta\int S_{-1}(x)dx)\eta^{-j}g$
$0$ $y arrow y+\int S_{-1}dx$






















$\frac{1}{\sqrt{S_{odd}}}$ $\eta$ $\eta$ -






$\eta$ $-1$ $\psi$ $1/\sqrt{S_{odd}}$
(4.2) $\psi\pm=\exp(\pm\eta\int_{a}^{X}S_{-1}dx)\sum_{j=0}^{\infty}\eta^{-J-z^{1}}f\pm,J(x)$
(4.3) $\psi=\exp(\eta s(x))\sum_{j=0}^{\infty}\eta^{-\dot{/}-z^{1}}f_{j}(x)$




$C>0$ $K$ ) (44)
$|y+s(x)|<1/C$ $(x,y)$
(4.3) Borel $\psi_{B}(x,y)$ $(x$
) $y$ $|{\rm Im}(y+s(x))|<c$($c>0$ ), ${\rm Re}(y+s(x))>0$
$\int_{-s(x)}^{\infty}\psi_{B}(x,y)\exp(-\eta y)dy$
$\psi$ Borel $\psi$ Borel







(4.5) $( \frac{\partial\psi}{\partial x})_{B}=\frac{\partial\psi_{B}}{\partial x}$ , $(x\psi)_{B}=x\psi_{B}$
(4.6) $( \eta\psi)_{B}=\frac{\partial\psi_{B}}{\partial y}$ , $( \frac{\partial\psi}{\partial\eta}I_{B}=-y\psi_{B}$
(3.1) WKB $\psi\pm$ Borel $\psi_{\pm,B}$














(5.5) $\{\begin{array}{l}(-\frac{\partial^{2}}{\partial x^{2}}+\eta^{2}x)\psi\pm=0,(2x\frac{\partial}{\partial x}-3\eta\frac{\partial}{\partial\eta}-1)\psi\pm=0\end{array}$
(45), (4.6) $\psi\pm$ Borel $\psi_{\pm,B}$









(5.8) $\{\begin{array}{l}ul=F(\frac{2}{3},\frac{4}{3}, \frac{3}{2};s)us=s^{-z}F1(\frac{1}{6}, \frac{5}{6}, \frac{1}{2};s)\end{array}$
$F(\alpha,\beta,\gamma;s)$ ( $u_{1},$ us [9] )(5.7)
$s=0,1$ $(x,y)$ $9y^{2}=4x^{3}$ $\psi_{\pm,B}$




(5.10) $\{\begin{array}{l}u_{2}=F(\frac{2}{3},\frac{4}{3}, \frac{3}{2};1-s)u_{6}=(1-s)^{-z}F1(\frac{1}{6}, \frac{5}{6}, \frac{1}{2};1-s)\end{array}$
$s=1$
(5.11) $\psi_{-,B}=\frac{\sqrt{3}}{2\sqrt{\pi}}\frac{i}{x}u_{6}$


























$\arg x=0,$ $\frac{2}{3}\pi,$ $\frac{4}{3}\pi,\ldots$ 3






$\psi_{+,B}$ (5.12) $\Psi+$ $x\delta>$
1 1 3 Stokes








$x$ $\psi_{+,B}$ $y$ 2












Borel Stokes 1 $x$ Stokes
$\psi\pm$ Borel $\Psi_{\pm}^{I}$ , 5 $x$ Stokes $\psi$ Borel





7 8 2 8
1
$\psi+,B$

















WKB ( Borel )
Stokes $(0,\infty)$
Stokes $\psi\pm$ ${\rm Re} x^{3}2>0$ $($ resp. ${\rm Re} x^{3}2<0)$ $\psi_{+}$ (resp. $\psi-$ )
Borel Stokes
WKB $i$ WKB Airy
((3.1) $Q$ ) WKB
\S 6.
(6.1) $(- \frac{d^{2}}{dx^{2}}+\eta^{2}Q(x))\psi=0$
$Q$ $x=a$ $x=a$. $Q$
$x=a$
$Q(x)=x(1+O(x))$ (






(6.3) $\psi\pm(x,\eta)=(\frac{\partial z}{\partial x})^{-z^{1}}\varphi\pm(z(x,\eta),\eta)$
(61) WKB $Zj$ :
(6.4) $\eta^{2}Q(x)=\eta^{2}(\frac{\partial z}{\partial x})^{2}z(x,\eta)-\frac{1}{2}\{z;x\}$
136
WKB
$\{z;x\}=\frac{\partial^{3_{Z}}}{\partial x^{3}}/\frac{\partial z}{\partial x}-\frac{3}{2}(\frac{\partial^{2}z}{\partial x^{2}}/\frac{\partial z}{\partial x})^{2}$
Schwarz
Borel
(6.1) Borel $P_{B}$ :
$P_{B}=-D_{X}^{2}+Q(y)D_{y}^{2}$














$X=;_{g’(z)Z^{1}}(1+ \frac{\partial r(z,\eta)}{\partial z})^{-Z}\exp(r(z,\eta)\zeta):1$





Airy WKB Borel $\varphi\pm,B$ $X$
























7.2 ([1]). $;\psi:^{-1}P(x,D_{y}^{-1}D_{X});\psi$ ;
(7.5) $\exp(\eta^{-}\partial_{\zeta}\partial_{z})P(x,\zeta+A(x,z,\eta)|_{z=0}$












7.4. $(x_{*},\zeta_{*})\in U\cross \mathbb{C}$
$P(x_{*},\zeta_{*})=\partial_{\zeta}P(x_{*},\zeta_{*})=0$, $P(x_{*},\zeta)\neq 0(\zeta\neq\zeta_{*})$
$x_{*}$ $\zeta$





$P$ $\zeta_{*}$ $\zeta$ $q(x,\zeta)$ $q(x_{*},\zeta_{*})\neq 0$




7.5 ([7]). $q(x,\zeta),$ $r(x,\zeta)$ $q(x,\eta^{-1}\xi),$ $r(x,\eta^{-1}\xi)$
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